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Abstract
We use a nonlinear master equation formalism to account for thermal and disor-
der effects on spin-dependent electron transport in helical organic molecules coupled
to two ideal leads. The inclusion of these two effects has important consequences in
understanding the observed length and temperature dependence of spin polarization in
experiments, which cannot be accounted for in a purely coherent tunneling model. Our
approach considers a tight-binding helical Hamiltonian with disordered onsite energies
to describe the resulting electronic states when low-frequency interacting modes break
the electron coherence. The high-frequency fluctuating counterpart of these interac-
tions, typical of intramolecular modes, is included by means of temperature-dependent
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thermally-activated transfer probabilities in the master equation, which lead to hop-
ping between localized states. We focus on the spin-dependent conductance and the
spin-polarization in the linear regime (low voltage), that are analyzed as a function of
the molecular length and the temperature of the system. Our results at room tem-
perature agree well with experiments since our model predicts that the degree of spin-
polarization increases for longer molecules. Also, this effect is temperature-dependent
as thermal excitation competes with disorder-induced Anderson localization. We con-
clude that a transport mechanism based on thermally-activated hopping in a disordered
system can account for the unexpected behavior of the spin polarization.
Keywords
Chirality, spin-filtering, master equation,CISS effect
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Chiral-induced spin selectivity (CISS) is an intriguing physical effect, first experimentally
demonstrated in 1999, that manifests itself as spin-dependent transport in helical albeit non-
magnetic molecules.1–3 Despite the large amount of experimental4–16 and theoretical17–32
work published so far, the ultimate origin of the CISS effect is still subject to debate. There
seems to be, however, agreement that a combination of the helical conformation of the
molecule, together with field and exchange effects, leads to an enhanced spin-orbit interac-
tion that ultimately is responsible for the spin-dependent transmission of electrons in media
without time reversal symmetry. In the specific case of transport experiments,3,7,9 an impor-
tant additional issue is to clarify what the dominant transport regimes are. The majority
of the theoretical work previously cited relies on coherent tunneling transport, although at-
tempts to go beyond by introducing decoherence effects18,23–25 or leakage of electrons from
the molecule to the environment27 have been presented. Additionally, how the length depen-
dence of the spin polarization varies depending on the charge transport regime (coherent or
incoherent), and how important disorder and decoherence are to understand this behavior, is
also an open issue. Experimentally, photoemission results reported in Ref. 2 clearly showed
a linear increase of the spin polarization with the number of base-pairs in dsDNA, up to 80
base pairs. This remarkable behavior, which cannot be explained by a conventional coherent
tunneling mechanism that would correspond to an exponential decay of the transmission
with increasing distance, is further supported by experiments performed on electrochemical
cells with α-helix oligopeptide molecules.11
In this work, we address the length and temperature dependence of the spin polarization
in helical molecules using a nonlinear master equation approach within a tight-binding de-
scription of the electronic part including spin-orbit interaction.20,23 In contrast to previous
theoretical investigations, in the nonlinear master equation description we include the cou-
pling to high-frequency vibrational degrees of freedom in the form of temperature-dependent
transition probabilities between electron states. Additionally, static Anderson diagonal dis-
order is used to mimic the influence of low-frequency vibrations. This gives rise to a control-
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lable degree of localization of the eigenstates and allow us to deal with thermally-assisted
transport as well as with coherent propagation in the quasi-resonant tunneling regime. For
low or moderate magnitudes of the disorder, our results at room temperature agree qualita-
tively with the experiments, showing an increase of the spin polarization with the molecular
length. This behavior can be inverted, however, in the regime of strong disorder or at very
low temperatures. Our results strongly hint at the possibility that a transport mechanism
based on thermally-activated hopping may be responsible for the unexpected experimentally
observed length dependence of the spin polarization.
Our starting point is the tight-binding Hamiltonian derived by Gutierrez et al.,20 which
reduces to that proposed by Guo et al.23 in the limit of a purely radial component of the
helical electric field and only a single electronic level per site. Helical symmetry is included by
using the appropriate representation of the Pauli matrices in cylindrical coordinates, defining
the radius and the pitch of the helix. The Hamiltonian reads
H =
N∑
n=1
εnc
†
ncn +
N−1∑
n=1
[
c†nτcn+1 + iαc
†
n(σn + σn+1)cn+1 + H.c.
]
, (1)
where c†n = (c
†
n↑, c
†
n↓) and cn = (cn↑, cn↓)
T are the electronic creation and annihilation oper-
ators at site n of a helical molecule of length N . Here the superscript T refers to transpose
and H.c stands for Hermitian conjugate. The effective spin-orbit coupling constant α and
the electronic intersite hopping considered within the matrix τ = diag(t↑, t↓) will be taken
as uniform along the molecule. Notice that we will in general assume that these electronic
couplings may be spin-dependent. The last term is expressed as a function of the Pauli
matrices σx,y,z as follows, σn+1 = σz cos θ + sin θ[σx sin(n∆ϕ) − σy cos(n∆ϕ)], where θ is
the helix angle and ∆ϕ refers to the twist angle between neighboring sites along the helix.23
Hereafter θ = 0.66 rad and ∆ϕ = pi/5 will be considered as typical values for DNA molecules,
corresponding to 10 sites per turn. Figure 1 presents a planar view of the helical molecule,
indicating the various spin-dependent couplings between neighboring molecular sites.
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Figure 1: Planar sketch of the helical molecule attached to two ideal leads. The parameters
of the tight-binding Hamiltonian and the electronic and the spin-orbit couplings between
neighboring sites are shown.
Electron transport in molecules may be affected by the motion of the constituent ions
as well as the possible counterion atmosphere around it. Stochastic fluctuations of the ions
cause loss of coherence and energy dissipation. These random fluctuations often present
different time scales, depending on the origin of the molecular vibrations. For instance,
intramolecular modes occur at high frequency due to the stretching of stiff covalent bonds,
while intermolecular modes span a wide range of frequencies. The coupling of electrons with
high-frequency modes will later be accounted for by appropriate transition rates within a
nonlinear master equation approach. The influence of low-frequency modes, on the other
hand, will be described by the Anderson model of disorders,33 assuming that onsite energies
εn in Eq. (1) are random variables given as εn = ε + ∆εn with uniform probability distri-
bution:34 P (∆εn) = (1/2w) Θ(w − ∆εn), where Θ is the Heaviside step function and w is
the half-width of the distribution. This parameter will be referred to as magnitude of disor-
der hereafter. This approximation can be well justified by assuming that the time scales of
low-frequency modes are much longer than typical electronic time scales for propagation, so
that the electron will see a static, though disordered energy profile. Although disorder can
also be introduced in the electronic coupling matrix elements, we limit ourselves to discuss
the simpler case of Anderson onsite disorder.
Notice that, in a similar way as for a 1D lattice, the localization properties of a helical
tight-binding model with spin-orbit coupling will sensitively depend on the magnitude of
5
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disorder. It is well known that strong disorder localizes the electronic states in regions
shorter than the system size, suppressing coherent transport along the system. However,
there also exist fast ionic fluctuations which cannot be captured by the static approach. In
such a case, electron-vibration coupling can result in thermally-activated hopping between
localized states of different energy, giving rise to incoherent transport.
Our approach to describe thermally activated transport is based on the calculation of
the transition rates between all eigenstates of the Hamiltonian (1), Ψµ, which fulfill the
Schro¨dinger equation H|Ψµ〉 = Eµ|Ψµ〉, with |Ψµ〉 =
∑N
n=1
∑
σ=↑,↓ ψ
σ
n,µ|nσ〉 , where |nσ〉
refers to the local tight-binding basis for a particular spin-state σ at a site n.
The probability per unit time of an electron to be transferred from an eigenstate |Ψµ〉
(with energy Eµ) to another eigenstate |Ψν〉 (with energy Eν) reads35
Wµν = W0 S(|∆Eµν |)F (∆Eµν , T ) Iµν , (2)
where ∆Eµν ≡ Eµ − Eν , µ, ν = 1, 2, . . . , 2N and S(|∆E|) = |∆E|/t is the spectral den-
sity with t = (t↑ + t↓)/2.35 Here, the constant W0 stands to characterize the strength of
the electron-vibration scattering. Temperature T appears as a variable of the function
F (∆E, T ) = Θ(∆E) + n(∆E, T ), where n(∆E, T ) = [ exp(|∆E|/kBT ) − 1]−1 is the oc-
cupation number of the vibrational mode of frequency ∆E/~, kB being the Boltzmann
constant. The parameter Iµν accounts for the overlap of the eigenstates |Ψµ〉 and |Ψν〉 and
it is calculated as
Iµν ≡
N∑
n=1
∑
σ=↑,↓
(ψσn,µ)
2(ψσn,ν)
2 . (3)
Notice that the condition of detailed balance is fulfilled by the transition rates (2) since
Wνµ = Wµν exp(−∆Eµν/kBT ).
Now, we will use (2) to develop a formalism based on a nonlinear master equation to
obtain the main features of spin transport by calculating the population Pµ of the eigenstates
in the stationary regime, and from them the spin-dependent electric current. We thus need
6
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to solve the following steady-state master equation for the populations Pµ
dPµ
dt
=
dPµ
dt
∣∣∣
mol
+
dPµ
dt
∣∣∣
leads
= 0 . (4)
Transitions between electronic eigenstates in Eq. (4) are described by the following expres-
sion36
dPµ
dt
∣∣∣
mol
=
2N∑
ν=1
[
Wνµ Pν (1− Pµ)−Wµν Pµ (1− Pν)
]
. (5)
Nonlinear terms of the form Pν (1−Pµ) arise from the Pauli exclusion principle. Additionally,
one needs to take into account that the molecule is an open system in contact with electronic
reservoirs. This leads to additional terms accounting for the transition rates between the
molecule and the electrodes
dPµ
dt
∣∣∣
leads
=
∑
σ=↑,↓
[
ΓLµσ(f
L
µ − Pµ) + ΓRµσ(fRµ − Pµ)
]
, (6)
with fL,Rµ = {1 + exp [(Eµ − ηL,R)/kBT ]}−1 being the Fermi distribution functions at the
left (L) and right (R) contacts. ηL = EF + eV/2 and ηR = EF − eV/2 are the chemical
potentials of the left and right contacts, respectively, and EF is the Fermi energy at equilib-
rium. ΓLµσ (Γ
R
µσ) measures the coupling between the left (right) contact and the eigenstate
µ for a particular spin projection σ. By assuming energy-independent couplings to the elec-
trodes (wide-band limit) we obtain ΓLµσ = γ
σ
L|ψσ1,µ|2 and ΓRµσ = γσR|ψσN,µ|2, where γσL (γσR) is
the transition rate of an electron with a particular spin state from the left (right) electrode
to/from the molecule.
To come closer to the typical experimental situation,3 we will consider different contacts
coupled at both molecular edges. For the sake of definitness, we consider the right contact to
be a gold electrode, which displays a similar behavior for spin up and spin down polarizations
(we are not addressing here issues related to interfacial spin effects). The left electrode is
assumed to be the spin injector (such as a Ni electrode). In a typical experimental setup,
7
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the electrode magnetization is controlled by an external magnet that gives rise to a selective
spin injection into the molecule. Therefore, the spin-up current in experiments is measured
for a particular Ni magnetization, while the spin-down current is obtained for the opposite
one. In our model, the parameters that control the spin-state of the injected (extracted)
electrons are γσL (γ
σ
R). Accordingly, in order to evaluate the spin-up current, we will consider
the following set of parameters: γσR = W0, γ
↑
L = γ
σ
R and γ
↓
L = γ
σ
R/10. On the other hand,
spin-down currents will be calculated using: γσR = W0, γ
↑
L = γ
σ
R/10 and γ
↓
L = γ
σ
R.
Steady state solutions to Eq. (4) are found by an iterative method that guarantees the
physical condition 0 ≤ Pµ ≤ 1 such that the difference of populations of each state µ at
iteration steps i and i + 1 are small than a given convergence level: |P (i+1)µ − P (i)µ | ≤ 10−4.
Thus
P (i+1)µ =
∑2N
ν Wνµ P
(i)
ν +
∑
σ
[
ΓLµ,σ(f
L
µ − P (i)µ ) + ΓRµ,σ(fRµ − P (i)µ )
]
∑2N
ν (Wµν −Wνµ)P (i)ν +
∑2N
ν Wνµ +
∑
σ Γ
L
µ,σ + Γ
R
µ,σ
, (7)
with i = 0, 1, . . . and an initial ansatz arising from the continuity condition
P (0)µ =
∑
σ
(
ΓLµ,σf
L
µ + Γ
R
µ,σf
R
µ
)∑
σ
(
ΓLµ,σ + Γ
R
µ,σ
) . (8)
After evaluating the stationary populations, the total electric current is given by36
I(V ) =
e
h
2N∑
µ=1
∑
σ=↑,↓
ΓRµσ(f
R
µ − Pµ) . (9)
As noted in previous works,37,38 the description of the coherent off-resonance tunneling
regime requires solving the master equation in the limit of negligible bridge population. In
our case, we are describing transport in a situation where the Fermi energy of the system is
close to the molecular band. This allows us to simulate both resonant tunneling and hopping,
depending on the temperature and disorder strength. It is also important to emphasize that
at low temperatures, diagonal disorder localizes the eigenstates and reduces the conductance
when the Fermi level lies within the molecular energy spectrum. The opposite behavior
8
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(increase of conductance with increased disorder) results when the Fermi level lies outside
the molecular spectrum. Disorder also results in near-exponential decay of conductance with
length, even in systems which would be resonant in the absence of disorder, but it produces
much slower falloff of the conductance with length in systems which would not be resonant.
As a preliminary step, we first analyze the conductance of a linear chain with no spin-
orbit coupling [α = 0 in Eq. (1)]. We are interested in the linear transport regime occurring
at very low voltages in order to obtain information about the conductance of the system
G. Therefore, we evaluate the electronic current (9) for a voltage at which only the first
resonant channel transport is activated. Notice the latter is proportional to the magnitude
of interest G. For simplicity, we consider the mean onsite energy as ε = 0 and we use
t↑ = t↓ = t = 50 meV as a typical value for the electronic coupling in organic molecules. In
order to calculate the conductance, we set the Fermi level at the bottom of the molecular
band, EF = −2t, and we consider a voltage such that eV/2 < ∆E21 to guarantee single-
channel contact coupling, ∆E21 being the energy difference between the two lowest molecular
states (see Fig. 2). In this way, the second level can be populated only when ∆E21 − EF −
eV/2 < kBT .
The results addressing how the conductance depends on temperature, molecular length,
and disorder strength are collected in Fig. 3, where the conductance averaged over 2000
realizations of the disorder are shown. In Fig. 3(a) the conductance G as a function of the
molecular size N is shown on double logarithmic scale for several magnitudes of disorder
w in the system. For the ordered system, all molecular eigenstates are extended and our
results show that G is nearly the same for different temperatures (black lines). In such a
case, it is straightforward to obtain an analytical expression for the molecular eigenstates and
thus, for the electrical conductance. Indeed, our numerical simulations recover such results,
showing that the conductance scales as G ∼ N−2, as expected for nearly resonant tunneling
transport.39 If onsite energy disorder is included, the well-known Anderson localization of the
eigenstates occurs. Thus, the bottom band states display a high degree of localization which
9
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Figure 2: Sketch of the localized eigenstates in a disordered molecule as a function of the
site index. Fermi energy EF at equilibrium (V = 0) and chemical potentials EF ± eV/2
in the biased molecule (V > 0) are also indicated. The baseline of each state indicates
its corresponding energy. States at the bottom of the molecular band are highly localized
whereas the localization length is large for mid-band states. The energy separation between
the two lowest states is ∆E21, as indicated in the figure. The condition eV/2 < ∆E21 ensures
that only the ground state is populated at T = 0 K.
is reduced for higher energy states. Indeed, depending of w and N , states with a nonzero
probability density to find the particle along the whole molecule may arise. These localization
properties have a great impact on the transport properties of the system. At T = 0 K
(lines) no thermally-activated transport can arise and therefore the conductance is strongly
reduced in disordered systems due to the eigenstate localization. Such reduction is further
strengthened when the length of the molecule increases. However, at room temperature
T = 300 K (lines with solid circles), transitions to higher energy states with a higher spatial
extent along the molecule are allowed by the electron-vibration interaction. Therefore, a new
10
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Figure 3: Conductance G as a function of (a) the molecular size N at T = 0 K (lines) and
T = 300 K (lines with solid circles) for different magnitudes of disorder (results at both
temperatures in the absence of disorder are the same) and (b) the inverse of temperature for
w = t/5, N = 30 (top panel) and N = 6 (bottom panel).
mechanism of transport sets in, interstate hopping, and G may reach values similar to those
of the ordered system. Remarkably, for short systems, the conductance does not depend on
temperature, which accounts for the fact that the localization length is of the order of the
system size. The critical molecular length N∗ at which G becomes temperature-dependent
is related to the magnitude of disorder, as expected. In particular, N∗ decreases for larger
w, what gives rise to a stronger localization of the eigenstates. Therefore, we conclude that
for disordered systems, the mechanism of thermally-activated hopping plays a role when the
molecular size is larger than N∗. Figure 3(b) provides further support to this claim. There,
the conductance G as a function of the inverse temperature 1/T is shown for a magnitude of
disorder w = t/5. The top (bottom) panel accounts for results for a molecular size smaller
(larger) than the critical one for the considered disorder N∗ ∼ 10. When N > N∗ the top
panel shows that there is an activation temperature of the order of 25 K within our parameter
set at which thermally-activated transport starts playing a role, giving rise to a remarkable
11
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increase of G. On the contrary, for small systems such that N < N∗, simulations do not
show this regime. Therefore, no thermally-activated hopping occurs and the main transport
mechanism is due to coherent charge propagation along the extended states in the system.
Let us move to the study of the main features of the electrical conductance and spin
polarization in helical systems modeled by the Hamiltonian (1). The theoretical description
of spin polarization requires the inclusion of chirality, spin-orbit coupling, and breaking
time-reversal symmetry, three ingredients which are present in our model Hamiltonian (1). In
particular, the last ingredient is achieved by introducing spin-dependent electronic couplings,
t↓ = 2t↑ = t = 50 meV and α = 5 meV, while we keep the remaining parameters as in the
previous section. In this regard it is important to stress that, within this assumption,
spin-selectivity arises due to a different transmission probability for spin-up and spin-down
electrons, but there is no explicit energy gap between spin-up and spin-down propagating
states.
Figure 4 compares the spin-up (-down) conductance, Gu (Gd) at T = 0 K and T = 300 K.
The plot shows G as a function of the molecular size for two magnitudes of disorder (a) w =
t/5 and (b) w = t/2. Due to the spin-dependency of the electronic couplings our simulations
show that Gu (black dashed lines)> Gd (red solid lines) for all cases. In addition, we recover
similar results to those found in Fig. 3. If we consider a nonzero temperature (lines with
solid circles), thermal effects give rise to a phonon-activated transport mechanism, which
is responsible for an increase of Gu and Gd. Such thermal activation is more relevant for
systems with stronger disorder where states localization is larger [see Fig. 4(b)].
Last, we focus on the most relevant magnitude in this study, namely, the spin polarization
defined as SP = (Gu −Gd)/(Gu +Gd).9 In Fig. 5 we present the spin-polarization as a
function of the molecular size for different magnitudes of disorder at T = 0 K and T = 300 K.
The inclusion of thermal effects turns out to be crucial to account for the experimental
evidence that shows that SP increases with molecular length. At T = 0 K we find that in all
considered cases SP decreases as a function of N , as shown by the solid lines in Fig. 5. The
12
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Figure 4: Spin-up (-down ) conductance Gu (Gd) as a function of the molecular size N at
T = 0 K (lines) and T = 300 K (lines with solid circles). Different magnitudes of disorder
have been considered (a) w = t/5 and (b) w = t/2.
same effect is found for T = 300 K for strong disorder w = t. On the contrary, at T = 300 K at
zero, low and moderate magnitudes of disorder, we qualitatively reproduce the experimental
behavior, namely SP increasing with N (see the lines with solid circles in Fig. 5). It is
important to stress that, although in our model there is a background spin-polarization due
to the different electronic couplings for spin-up (t↑) and spin-down (t↓) electrons, it becomes
almost independent of the molecular length. Therefore, the variation of the SP with the
length is directly related to the spin-orbit coupling. Last, if we compare our simulations
with previous experimental results for DNA,2 we find a slightly lower increase rate of the SP
with the molecule length, being of the order of 30% of the measured values for the chosen
parameters. A more detailed quantitative comparison is beyond our simplified molecule
model but still we obtain a similar order of magnitude of the effect under consideration.
In addition, our numerical results reproduce another expected physical feature, namely, a
saturation value of the SP for longer molecules.
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Figure 5: Spin polarization SP(%) as a function of the molecular sizeN at T = 0 K (lines) and
T = 300 K (lines and solid circles). Different magnitudes of disorder have been considered.
In conclusion, we have examined the role of static disorder and thermally-induced deco-
herence on the electron transport regimes in a molecular junction formed by a helical molecule
attached to a magnetic (electron injector) and a non-magnetic electrode (collector), and the
consequences for the length dependence of the spin polarization. Electron-vibration coupling,
a key ingredient of decoherence, is implicitly taken into account in the transition probabili-
ties. Depending on the chosen physical conditions (disorder strength and temperature), we
are able to describe both resonant tunneling and hopping transport regimes. For the latter
one, the most striking result is that for low or moderate disorder strength, the computed
spin polarization agrees qualitatively with the observed experimental trend, showing an in-
creasing polarization with molecular length. Thus, our results suggest a thermally-activated
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transport regime as a plausible mechanism to explain the experimentally observed length
dependence of the spin-polarization in the CISS effect.
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